Abstract. In this paper, we define an Lp analytic generalized FourierFeynman transform and a convolution product of functionals in a Ba- 
Introduction
Let C 0 [0, T ] denote one-parameter Wiener space; that is the space of Rvalued continuous functions x(t) on [0, T ] with x(0) = 0. The concept of an L 1 analytic Fourier-Feynman transform (FFT) for functionals on Wiener space was introduced by Brue in [2] . Further work involving the L 2 -L 2 theory and the L p -L p ′ theory, 1/p + 1/p ′ = 1, includes [3, 16] . In [13] , Huffman, Park and Skoug defined a convolution product (CP) for functionals on Wiener space, and they obtained various results for the FFT and CP [13, 14, 15] . On the other hand, in [1] , Ahn investigated the L 1 FFT theory on the Fresnel class F(B) of an abstract Wiener space, and in [11] Chang, Song and Yoo studied the FFT and the first variation on an abstract Wiener space and corresponding Fresnel class F(B). There has been a tremendous amount of papers in the literature on the FFT and CP theory on classical and abstract Wiener spaces. Furthermore, in [18] , Kallianpur and Bromley introduced a larger class F A1,A2 than the Fresnel class F(B) for a successful treatment of certain physical problems by means of a Feynman integral.
In recent paper [8] [6] . In [4] , Chang and Choi studied a multiple L p analytic GFFT on the Banach algebra S(L 2 a,b [0, T ]) which was introduced in [8] . On the other hand, in [9, 10] In this paper, we define an L p analytic GFFT and a CP of functionals defined on a product function space C [3, 13-18, 1, 4, and 5] is stationary in time and is free of drift, while the stochastic process used in [6] [7] [8] [9] [10] [11] , and in this paper, is nonstationary in time and is subject to the drift a(t). 
Definitions and preliminaries
Let D = [0, T ] and let (Ω, B, P ) be a probability measure space. A realvalued stochastic process Y on (Ω, B, P ) and D is called a generalized Brownian motion process if Y (0, ω)=0 almost everywhere and for 0 = t 0 < t 1 < · · · < t n ≤ T , the n-dimensional random vector (Y (t 1 , ω), . . . , Y (t n , ω)) is normally distributed with the density function (2.1) [21, pp. 18-20] 
Given two C-valued measurable functions F and G on C a,b [0, T ], F is said to be equal to G scale almost everywhere(s-a.e.) if for each [12, 17] . We write that 
where |a|(t) denotes the total variation of the function a(·) on the interval
, the Paley-Wiener-Zygmund (PWZ) stochastic integral ⟨v, x⟩ is defined by the formula
for all x ∈ C a,b [0, T ] for which the limit exists. Definition 2.2. Let C denote the complex numbers, let C + = {λ ∈ C : Re(λ) > 0} and letC + = {λ ∈ C : λ ̸ = 0 and Re(λ) ≥ 0}. Let F : C a,b [0, T ] → C be a measurable functional such that for each λ > 0, the function space integral
is defined to be the analytic function space integral of F over C a,b [0, T ] with parameter λ, and for λ ∈ C + we write
Let q ̸ = 0 be a real number and let F be a functional such that E an λ [F ] exists for all λ ∈ C + . If the following limit exists, we call it the generalized analytic Feynman integral of F with parameter q and we write
where λ → −iq through values in C + .
Next, see [8, 9] , we state the definition of the GFFT.
if it exists.
We note that for 1 
(ii) Our definition of the CP is different than the definition given by Yeh in [20] and used by Yoo in [22] . In [20] and [22] , Yeh and Yoo studied relationships between their CP and Fourier-Wiener transform.
The following generalized analytic Feynman integral formula is used several times in this paper.
In this paper, for each λ ∈C + , λ
2 is chosen to have nonnegative real part.
Transforms and convolutions of functionals in a Banach algebra
In this section we introduce a Banach algebra F(C a,b [0, T ]) and evaluate the GFFT and CP of functionals belonging to the Banach algebra
We then obtain several relationships of the GFFT and CP. First, we give the definition of a Banach algebra
is an abstract Wiener space. For more details, see [19] .
Note that for all w,
Next, we define a class of functionals on C a,b [0, T ] like a Fresnel class of an abstract Wiener space. Note that the linear operator given by the equation (3.2) is an isomorphism. In fact, the inverse operator D
and D
−1 t
is a bounded operator since (3.8)
Thus by the open mapping theorem, D t is also bounded and there exist positive real numbers α and β such that 
is a Banach algebra under the total variation norm where convolution is taken as the multiplication.
(ii) One can show that the correspondence f → F is injective, carries convolution into pointwise multiplication and that
From now on, we will use the notation (w, x) ∼ replaced by ⟨D t w, x⟩. Then we have the following assertions.
(
and variance ∥w∥
∼ 's are independent. We will explain the existence of generalized Feynman integrals of functionals in
for some q 0 ∈ R − {0}. Using the equation (3.9), Definition 2.2, the Fubini theorem and the equation (2.12), we see that for all real q with |q| ≥ |q 0 |, the generalized analytic Feynman integral E anfq [F ] of F exists and is given by the formula
For more detail studies of existence of generalized Feynman integrals, see [7] [8] [9] [10] [11] .
, we will use the notation
The following theorems are due to Chang and Lee [10, 11] . 
In particular, 
q . For more details for the case a(t) ≡ 0, see [3, 13, 14, 16] .
In our next theorem we obtain the CP of functionals in
. The proof is given by a similar method of the proof of Theorem 3.2 in [4] . 
Then their CP (F * G) q exists for all real q with |q| ≥ |q 0 | and is given by the formula
In Theorem 3.6 above, (F * G) q is expressible in the form
and h is a complex Borel measure on
. In our next theorem, we obtain the transform of the convolution product. 
Then for all p ∈ [1, 2] and all real q with |q| ≥ |q 0 |, (3.24)
Also, both of the expressions in (3.24) are given by the expression
Proof. By using (2.8), (2.11), the Fubini theorem and (2.12), we have for all λ > 0, 
Then for all p ∈ [1, 2] and all real q with |q| ≥ |q 0 |,
Also, both of the expressions in (3.28) are given by the expression
Proof. Fix p and q. Then for λ > 0, using (3.24) and (3.12), we have
But the last expression of (3.30) is analytic through C + and is continuous oñ C + . Furthermore, it is bounded on the region Γ = {λ ∈C + :
On the other hand, using (3.12) and the Fubini theorem we have (3.32)
and (3.33)
for s-a.e. y ∈ C a,b [0, T ]. By using (3.32) and (3.33), we have for λ > 0,
But the last expression above is an analytic function of λ throughout C + and is continuous throughout onC + . Also, it is bounded on the region Γ = {λ ∈
Now (3.31) and (3.35) together yield (3.28) . □
Transforms and convolutions of functionals in F A1,A2
Let A be a nonnegative self-adjoint operator on C 
Let A be self-adjoint but not nonnegative. Then A has the form (4.1) A = A + − A − and both A + and A − are bounded nonnegative self-adjoint operators. In this section we will get expressions of the generalized Feynman integral, the GFFT and the CP when A is no longer required to be nonnegative or even self-adjoint. In order to widen the scope of the analytic continuation technique to treat such cases, we will present definitions here in a slightly modified form.
Given two C-valued measurable functions F and G on C 
and letC 
Let q 1 and q 2 be nonzero real numbers. Let F be a functional such that E an ⃗ λ [F ] exists for all ⃗ λ ∈ C 2 + . If the following limit exists, we call it the generalized analytic Feynman integral of F with parameter ⃗ q = (q 1 , q 2 ) and we write
where
Definition 4.2. Let q 1 and q 2 be nonzero real numbers.
if it exists; i.e., for each ρ 1 , ρ 2 > 0,
We note that for 1
Next we give the definition of the CP on C 
means the generalized analytic Feynman integral on C a,b [0, T ] which was defined in Section 2 above.
In our next theorem, we obtain the
Theorem 4.6. Let q 0 be a nonzero real number and let F be an element of F A1,A2 whose associated measure f satisfies the condition
Then for all p ∈ [1, 2] and all real q j with
of F exists and is given by the formula (4.10)
is an element of F A1,A2 with associated measure ϕ defined by 
But the last expression above is analytic through C 2 + and is continuous onC 
Hence we have the desired result. □ Let A be self-adjoint but not nonnegative. Then A has the form (4.1). Let F ∈ F A+,A− . Suppose that the associated measure f of F satisfies condition (4.9) with A 1 and A 2 replaced with A + and A − , respectively. Then for ⃗ q = (q, −q) with q ∈ R − {0} and |q| ≥ |q 0 |, (4.14)
T
and (4.15)
Moreover, if a(t) ≡ 0, then
In our next theorem, we obtain the CP of functionals in F A1,A2 .
Theorem 4.7. Let q 0 be a nonzero real number and let F and G be elements of F A1,A2 whose associated measures f and g satisfy the condition
Then their CP (F * G) ⃗ q exists for all real q j with |q j | ≥ |q 0 |, j = 1, 2 and is given by the formula
Proof. By using (4.7), the Fubini theorem and (2.12), we have for
But the last expression above is analytic throughout C + , is continuous onC + , and is bounded on the region
. Thus letting ⃗ λ = −i⃗ q and using a simple calculation, we have the equation (4.19) above.
Let a set function h :
Then ψ is continuous and so it is Borel measurable. Leth = h • ψ −1 . By the condition (4.18) above, we see that for real q j with |q j | ≥ |q 0 |, j = 1, 2, 
Theorem 4.9. Let q 0 be a nonzero real number and let F and G be elements of F A1,A2 whose associated measures f and g satisfy the condition
Then for all p ∈ [1, 2] and all real q j with |q j | ≥ |q 0 |, j = 1, 2, (4.27)
Also, both of the expressions in (4.27) are given by the expression
−2⃗ q (w 2 ).
Example
In this section we apply the results obtained in Section 4 to a specific linear 
